On the degree of strong approximation 
of almost periodic functions in the 
Stepanov sense 

o 

Wlodzimierz Lenski and Bogdan Szal 

W ■ University of Zielona Gora 

. Faculty of Mathematics, Computer Science and Econometrics 

65-516 Zielona Gora, ul. Szafrana 4a, Poland 
1 W.Lenski@wmie.uz.zgora.pl, B.Szal @wmie. uz.zgora.pl 

U; 

■i— > 

Abstract 

Considering the class of almost periodic functions in the Stepanov 
sense we extend and generalize the results of the first author [11] . as well 
as the results of L. Leindler [7] and P. Chandra [HE] ■ 
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1 Introduction 

Let S p (1 < p < oo) be the class of all almost periodic functions in the Stepanov 
sense (1 < p < oo) or uniformly almost periodic (p = oo) with the norm 

imio„-= J s ^{^u +7r \f( t )\ Pdt } 1/P when Kp<oo, 

sup I f(u) I when p = oo. 



Suppose that the Fourier series of / G S p has the form 

Sf(x)= V A v (f)e ix » x , where A u (/) = Urn - / f(t)e' lX ^dt, 
with the partial sums 

|A„|< 7 k 
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and that = A < A„ < A„ + i if v £ N = {1, 2, 3...} , lim A„ = oo, A_„ = — A„, 

I -Ay I + \A- V \ > 0. Let ri QjP , with some fixed positive a , be the set of functions 
of class S p whose Fourier exponents satisfy the condition 

A,,+i - A„ > a [v £ N) . 

In case / 6 £! QiP 

/•oo 

S\J{x)= / {/(i + t) + /(i-t)}*^(t)*. 



where 

2sin^sin^ , 
* A >" ( * ) = 7r(^-A)t 2 (0<A<r?, |*| >0). 

Let A := (a„fe) (k, n = 0, 1, ...) be a lower triangular infinite matrix of real 
numbers satisfying the following condition: 

n 

a n k > (k, n = 0, 1, ...) , a„ fc = (fc > n) and ^ a„ fc = 1. (1) 

fc=0 

Let us consider the strong mean 

f n \ 1 /i 

*d, 7 /(*)= E^I^/W-ZWI 9 (9>0). (2) 

U=o J 

As measures of approximation by the quantity @, we use the best approxima- 
tion of / by entire functions g a of exponential type a bounded on the real axis, 
shortly g a £ B a and the moduli of continuity of / defined by the formulas 

E<r(f)sr = inf 11/ - 9(t\\ S p , 

uf(5) SP = sup \\f(- + t)-f(-)\\ SP 

\t\<6 

and 



s 

p . 



Wxf{5) p :=\jl \ip x {t)\ p dt\ with 1 < p < oo, 



J Jo 

where <p x (t) := / (x + *) + / (x — *) — 2/ (a;), respectively. 

A sequence c := (c„) of nonnegative numbers tending to zero is called the 
Rest Bounded Variation Sequence, or briefly c £ RBVS, if it has the property 

oo 

J~] \Cn - Cn+l\ < K (c) C m (3) 
fc— m 

for all natural numbers m, where K (c) is a constant depending only on c. 
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A sequence c := (c„) of nonnegative numbers will be called the Head Bounded 
Variation Sequence, or briefly c £ HBVS, if it has the property 

m — 1 

^ |c„ - C n+ i\ < K (c) c m (4) 

for all natural numbers m, or only for all m < N if the sequence c has only 
finite nonzero terms and the last nonzero terms is cjv- 

Therefore we assume that the sequence (K (a rl ))^° =0 is bounded, that is, that 
there exists a constant K such that 

< K (a„) < K 

holds for all n, where K (a n ) denote the sequence of constants appearing in the 
inequalities © or ^ for the sequence a n '■= (a„ J i £ )^ .Now we can give the 
conditions to be used later on. We assume that for all n and < m < n 

oo 

^ \a n k — a n k+i \ < Ka nm (5) 

k—m 

and 

m— 1 

^2 \a-nk - a nk +i\ < Ka nm (6) 

fc=0 

hold if 

)fe=o belongs to RBVS or HBVS, respectively. 

The C-norm of the deviation |2fc=o a<n,k [S k f {%) — f (x)) \ , with the partial 
sums Skf of classical trigonometric Fourier series, was estimated by P. Chandra 
[1] [S] for monotonic sequences (a n k) and by L. Leindler [7] for the sequences 
of bounded variation. These results were generalized by W. Lenski [11] who 
considered the strong means A , also in classical case, and the functions 
belonging to the LP . In present paper we shall considered the almost periodic 
functions from the Stepanov class giving similarly estimations for the strong 
means A in individual points and in norms. 

We shall write I\ -C I2 if there exists a positive constant C such that 1\ < 
Ch. 



2 Main results 



Let us consider a function w x of modulus of continuity type on the interval 
[0, +00), i.e. a nondecreasing continuous function having the following proper- 
ties: w x (0) = 0, w x (8\ + 82) < w x (<5i) + w x (62) for any 61,82 > with x such 
that the set 



\(p x (t) -tp x (i±7)| p dt 



i/p 



< w x (7) 



and w x f (S) p w x (8) , where 
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is nonempty. It is clear that fi ajP (w x ) C fi ajP ' (w x ) , for p' < p < oo. 
Our main results are the following: 

Theorem 1 Let fl]) and (0) hold. Suppose w x is such that 

1 

TV \ p 

E J {w x (t)) P ^ I = Q ^ flg u ^ Q + 

u ) 

where H x (u) > 0, 1 < p < g and 



y ff x (u) dn = O (tH x (t)) as t -)• 0+. 



J/ / G f2 Q , p (w x ) , i/ien 



H n,A,yf ( X ) = \ a nnH x (a nn ) + < ^ a ^k (E ak /2 (/)sp) ? 

U=o 



l/q\ 



where q is such that 1 < q(q — 1) < P < g. 

Theorem 2 Lei 0), {5p, (01 and 0j ftoid /// G (w x ), then 

H n,A^f ( X ) = [ a noH x (a„ ) + < X! a "< fc (/)sp) 9 f 



(7) 



(8) 



(9) 



(10) 



where q is such that 1 < q (q — 1) 1 < p < g. 

Consequently, we can immediately derive the results on norm approximation. 
Theorem 3 Let £7J) and (0|) hold. Suppose ujf (-) S p is such that 



dt) =0 (uH (u)) as u H 



(11) 



holds, with 1 < p < q < p , where additionally H (> 0) instead of H x satisfies 
the condition /// G f2 a .p; t/ien 



H n,A,-yf (0 „ s = (<hmH x (a„„)) , 



wrai/i g' G (0, g], where q is such that 1 < q (q — 1) 1 < p < g. 
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Theorem 4 Let j7]) and 0) hold. Suppose uif (-)gp is such that mi)) holds, 
with 1 < p < q < p , where additionally H (> 0) instead of H x satisfies the 
condition |5]). If f G f2 a) p, then 

ff L, 7 /(-)| sf = 0(a„ ^(a„o)), 

wii/i G (0, q], where q is such that 1 < q (q — 1) 1 < p < q. 

Remark 1 Analyzing our proofs and dividing the integral in the formula 



{ n poo 
J^fln,*; / fx 
k=0 J ° 



(t) V k+K (t) dt 



1/9 



into parts with instead of a n ^ n or a„,o we can obtain the next series of 
theorems analogously as in ]1 If . 



3 Lemmas 

To prove our theorems we need the following lemmas. 
Lemma 1 JUS If ^ and hold, then 

U 

Wx f^ dt = O (uH x (u)) (u 0+) . 



(12) 



Lemma 2 fM Theorem 5.20 II, Ch. XII] Suppose that 1 <q(q-l) 1 <p<q 
<Mid£ = ± + ± - 1. If\t-tg(t)\ G LP' then 



\ao(g)\ q 



J2(\ a ^9)\ q + \h(9)\ q )j « Ij \t-Zg(t)\ P dt 



(13) 



4 Proofs of the Results 
4.1 Proof of Theorem 1 



In the proof we will use the following function <f> x f (S, v) = I f" +S fx (u) du, 
with 8 = S n = ^-j- and its estimate from [101 Lemma 1, p. 2 18] 

|<JW(&,6)|<^(£i) + ™*(&) (14) 

for / G Q a , p (w x ) and any £i, £ 2 > 0. 

Since, for n = our estimate is evident we consider n > 0, only. 
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Denote by Stf the sums of the form 



|V|<# 

such that the interval {^-, S^J^ll^j does not contain any A„. Applying Lemma 
1.10.2 of [5] we easily verify that 

/>oo 

S* k f(x)-f(x) = / <p w (t)* k {t)dt, 
Jo 

where <p a (t) := f (x + 1) + f (x - 1) - 2f (x) and * fc (t) = Q(fc+ D (t) , i.e. 

2 ' 2 

4 sin f sin 2(^+111 
(0 - 4 , 2 4 

(see also [3J, P-41). Evidently, if the interval ^ contains a Fourier 

exponent A„, then 

%/ (*) - SSm-x/ (x) - (A, (/) e lA ^ + A_„ (/) e"**"*) . 

Since (see [TJ p. 78] and [21 p. 7]) 

E < 11/11^ ||/|| BP <||/|| SP , 



. i/— — oo 



where ||-|| BP , with p > 1, is the Besicovitch norm, so we have 

(/)l = \ A ±v (f ~9an/2) \ < ||/ ~9an/2 1 1 s „ = (/)sj> > 

for some g af i/2 S B all / 2 , with afc/2 < a/i/2 < A,,. Therefore, the deviation 



, fe=0 



can be estimated from above by 



E 

,fc=0 



(t) * fe+K (t) dt 



1/9 



E fl "'' c ( E ak/2 (/) 



1/9 



.fe=0 



where k equals or 1. Applying the Minkowski inequality we obtain 

, 1/9 



{ » POO 
E a ". fc / 



(t) ^ k+K (t) dt 



^ a n ,k 



k=0 



/ 2£ a „,„ 2f 



1/9 



^ (i) f fe+K (i) dt 



1/9 



1/9 



1/9 



< \J2 a ^\h(k)\ q \ +\J2 a n,kMk)\ q \ +\J2 a ^\h(k)\ q 



.fe=0 



.fc=0 



. fe=0 



By QJ, integrating by parts, we obtain 



■ n ^ 1 /i 

'^2a n . k \I 1 (k)\ q \ < < y^a,,.;, 

,fc=0 J fe=0 



4 sin tt£ 

— / <Px(t)— i^sin— (2k + 2K + l)dt 
air J t z 4 



< 



\<Px (t)\ dt _ 1 



1 / d 
7 1 



\(p x (s)| (is dt 



[¥»!c (s)| ds 



1 ,/2tt \ 
-w x j — a„.„ + 
7T V " /i 

2 

< w x f (o„ i „) 1 + 



:W x f (t) 1 dt 





2s a 


/27T \ 




— a n ,n H 




V a J 1 














"',/ («„.„) i -:- / -w x f {t) 1 dt. (15) 

It is clear that u^/ [5) l /5 is nondecreasing with respect to 6 > and (5^ < 
wj (5) for p > 1. Using these properties we have 

1/9 
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< < a n , n 



K/(t)x) p 



t 2 



J ^Wxf(t) 1 dt. 



Since / G ft a ,p (w x ) and (JU) holds, Lemma 1 and give 



1/9 



^ a n ,fe f = {a nn H x (a nn )) . 



If © holds, then 



m— 1 
k—fi 

for any m > [i > 0. Hence we have 

From this, we get 

(- n 1 V<2 

lfe=0 J 



(16) 



< {(2f + l)a n ,„W 



4 

COT 



(t) sin ^ at , 
Y W 2 ^- sin — (2ft + 2k + 



fc=0 



_a_ ? (t) si n f . erf 
2^ ./ t 2 



sin — (2k + 1) cos — — dt 



akt 

T 



Kn) * < XI 



fe=0 



a ? (fix (f ) sin 



2tt 



akt 



t 2 



— cos — (2k + 1) sin ^^-dt 
4 2 
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Using inequality (|13l) . we have 



-fe=0 J L,^ 



1^ Wl ? 

t 1+ ? 



Integrating by parts, we obtain 



1/9 



$> n ,fe|/ 2 (fc)| 5 



8 



t 2 n 



\tp x (t)\ p ds dt 



If \P 



t= — a n 



dt 



<(a nn )«l(wj(^)] + j (^xf (t) p ) P dt\ . (17) 



Since / G Cl a<p (w x ), © gives 

1/9 



{ «'<»»)« / df )> = ()[«,,,, n. i" ! 



For the third term we obtain 



and 



1/9 



]>>al^(fc)| 9 < 



. fc=o 



< < 



^ On,, 



fe=0 



: (^+l) 



E 

m=i 



9>> 1/9 



fc=0 



1/'/ 



£an,k l 7 3l(fc)| 9 + < E a «^ I^WI* 



, fc=0 



>. fc=0 



2?(M+1) 



i/ 3 i(*)i<— y; / iv* (*)-*«/ (4, 
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an 



1 /•** 

^2 y |^(t)-ft(t + M)|(i« 



dt 



ir(/H-i) 



= ^£/E / ^im*)-m*+«oi 



d* 



> du 



4 i /-^ 

anS k J f-^ 
n M— 1 



+ 2 J \<p x (s) - ip x (s + 



u)| ds 



dt 



> du 



* oo 



f (m + i)] 2 



/ 



|<Ar (s) -<Px(s + u)\ds 







> du 



Y k J^l\ J J \<Px(*)-<Px(8 + v)\da 

^ = 1 22L„ 



dt > du. 



Since / G fi a)P (tdj), thus for any x 

C 



lim 



If 11 

75 J \<p x (s) - (fix (s + u)\ds < lim -w x (u) < lim 



1 



< lim -w x (tt) = 0, 

C^oo Q 



and therefore 



Ofe r n / 

1 /" a a / >27r/a 
\hi{k)\ < j- J — — \<Px(a)-<Px(8 + u)\ds 



du 



df 
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If 00 1 

< J- / »i («) rfw + We (4) 25~^ ^ W x 



M=l « 

Next, we will estimate the term 132 (fc) • So, 



L (/H-i) 



/ 32 (fc) = -E / 
air e - — ' / 



$xf{fa,t) d ( cos at ^+«) 



t 2 dt 



t(fc+«) 



at(k+K+l) 
2 

t(fc + K + l) 



— E 

CK7T z — ' 

fi=l L 



$xf(fa,t) ( cos 



at(fc+/c) 



f 2 



t(fc + K) 



at(fc+K+l) 
)b 2 
a(fc+K+l) 
2 



rV7T ^ — ' 



d (* x f(8„,t)\ (cos^^ cos • 



cot 4 — ' / eft 

I321 (k) + 1322 0) 



i 2 



Qi(fc+K) 
2 



a(fc+K + l) 
2 



Since / € Cl a , p (w x ), thus for any x (using Q14[)) 



lim 



^/(4,fC) / cos [7rC(fc + «)] cos [<(*; + «+!)]' 



q(fc+K) 
2 



q(fc+K+l) 
2 



C^oc 2n 2 ( 2 k C->°o C fc C^°o ( 2 

and therefore 



7 321 (fc) = — £ 



**/ (4,^(^ + 1)) / cos [tt (/i + 1) (k + «)] 
cos [tt (h + 1) (k + k + 1)]' 



2 



*(fc+K+l) 
2 



$xf(8 k , / COS [^//(A + «)] COS [7T/i (fc + K + 1)] 



q(/c+k) 
2 



q(fc+K+l) 
2 



aTT [2?r/a] 
■l* s /(<5 fc ,27r/a)(-l) 



a(fc+K) 
2 



a(fc+K + l) 
2 



(fe+K+1) 
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Using (ITU) , we get 

I/321 (fc)| < At^T 27r A*)l < ,,, 2 , 7T (wz (4) + w x (2tt/o)) 



7T 3 fc + 1 



Similarly 



L (p+i) 



Wfc) = — E / 



7T 3 (fc + 1) 



i$ x f(5 k ,t) 2<f> x f(5 k ,t) 



t 2 



and 



' C0S ££(^) C os 9te±l) 



q(fc+K) q(fc+K+l) 
2 2 



I/322 (A) I < 



? y 

a 2 (fc + 1) tt ^ 

u=l 



(M+l) 



|<#t (t + 4) ~ <Px (t)\ 



6 k t 2 



dt 



+ 2 



t 3 



< 



-J y 

a 2 (fc + 1) 7T<5 fc ^ 



|<#c (* + 4) - ¥>X (t)\ 



t 2 



dt 



1G 



y 

a 2 (fc + 1W ^ 



tDj ( 4) + W a (t) 
i 3 



eft 



1 1 00 

U-^)4^ (,5fe) + fcTlg 



< Wx (4) + 



fc + i 



w x (4) + w x 

00 00 

/_!=! ' |U=1 



/27r(/i+l)\\ a 



47T 2 ^ 3 



< w x (4) + 



< w x (4) + ^ ( w x (4) + w x 



Therefore 



|7 3 (fc)| < w x (4) + ( ^ (4) + w x ( — ] + 



4tt 
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and thus 



A, — / \ A, — 



lfc=0 



7T 



fc+ 1 



1/9 



From ([TBI) we obtain 



q L(K+l)a„,„l 1 



fc=0 v v 77 fe=0 



n 



fc + 1 



fc= 



Using (JXJ) , (|TB| and the monotonicity of the function w x , from ([7J and (fT2)l . we 

get 



n / / \\ 9 [ (K+i)o„, n ] ' 

E a "<M Wx ( /"H" ) ) ^( i4 ' + 1 ) a ™,« E 
fe=o ^ ^ 77 fc=o 



l 



w, 



fc + 1 



(wi (7r(i^+ l)a n , n )) q E 

*=\ ,».A. 1-1 



(K+l)o r . 
1 



7T 

\ X \t"/J ( a n,n)) < »n,ri / -jj du+(lOx (On,n)J 



< a 



(Wx (^))' ? 
,1+p/q+l—p/q 



p/q f i W x (u)) 



•I 



/ a„. r . 



V 



^du 



«(a n , n ) p/q } ^0fdu+l j ^-du) «(a ntn H x (a n , n )r 



n 



Summing up we obtain that Q is proved and the proof is complete. 
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4.2 Proof of Theorem 2 

Under the notation of the before proof we can write 



.fe=0 Jo 



(t)dt 



1/9 



fe=0 



/ + /+/ 

^a n . a 2? 



1/9 



^ (i) * fe+K (t) dt 



1/9 



9 \ 



1/9 



1/9 



< \j2 a ^\Mk)\ q \ +{J2 a ^\J2(k)\ q \ +{j2 a n,k\Mk)f 



. fc=0 



vfc = 



,fc=0 



using the Minkowski inequality. Applying the property of the class RBVS 
instead of the property of HBVS our proof will be similar to the proof of 
Theorem 1. 
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